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Integration by parts is an extremely useful tool, both for computation and theory, in mathemat-
ical analysis. The basic formula
/udv:uv—/vdu
is simple enough. But there are lots of ways that it may be applied. Again, the best way to “learn”
integration by parts is to work a lot of problems. The text portion of this site that covers integration

by parts has some. Here are just a few more examples to help get you started.

Compute
25 In x dx

This problem is very easy once we realize that we should use integration by parts. There really

isn’t a choice for “u” and “v” since, right off, we don’t know an antiderivative for In z. That
pretty much forces us to choose

uw=Inzand dv = 2° dx

so that
6
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du = —dz and v = =
x
Now apply the integration by parts formula to obtain
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Obviously, " Inx could be handled in the same way for positive powers of x. In fact, you
should check that negative powers work, too.

Powers of x times sines, cosines and exponentials can all be handled using integration by parts,
though higher powers generally require repeated application. For example, consider

/ x2e® dx
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Since differentiating or integrating an exponential function yields another exponential function
(and the same for the sine and cosines), we will choose

u=1z>and dv = e** dzx

so that an application of the integration by parts formula will reduce the power of x. Here it is:
2x
du = 3z° dr and v = =
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/m362’” dr = m; —/% (Bmz) dx
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Note that the remaining integral is similar to what we started with, but the power of = has been
reduced. We can continue this until we have completely eliminated the power of = (“repeated
integration by parts”) to obtain
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/ 22 cos 2z dx

u = z* and dv = cos 2z dx
a single application of integration by parts yields

3gin 2 in 2
/a:3 cos 2z dx = v s12n * _/sz z (33:2) dx

Note the similarity with the last problem. Continuing, we find

SO

Here’s one very similar to the last:

Letting

1
/mS cos2z dx = 53:3 sin 2x + %mQ cos 2x — zxsian — gcos 2 + ¢

Compare this answer to the result for the previous example. Can you explain the similarities
and the differences?

One last application of integration by parts that shows up quite frequently: the product of a
sine or cosine with an exponential. In this case, the technique is used a little differently. We’ll
illustrate with an example.

/ e3® cos b dx
Let
u = e and dv = cos 5z dx
so that e
du = 3¢** dz and v = 31115 m.
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One application of the integration by parts formula yields

3T o
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and, since the integral we have left is so similar to the one we started with, it doesn’t look like
we’ve made any progress. But, apply integration by parts again, this time with

u = e and dv = sin 5z dx
Then we find
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= 5 + % e** cos br — % /63””0085:17d:6
Now the integral that’s left is identical to the one we started with, but that’s not a bad sign in

this case, since we can add that integral to both sides and obtain

34 374in 5 3
% e cos b dr = $ + 2—563$ Cos BT
or
25 (€3 sin b 3
/e3wcos5mdm = ﬁ(w—i—%e‘%cos&v)
3
_ Y 3z v 3z
= 346 Sln5:v+34e Cos dx

Oh, I suppose we should add a constant of integration somewhere: so,
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